We study the clustering of the lowest non negative eigenvalue of the Dirac operator on a general Dirac bundle when the metric structure is varied. In the classical case we show that any closed spin manifold of dimension m ≥ 4 has a Riemannian metric admitting non trivial harmonic spinors.
Introduction
Let M be a closed m-dimensional Riemannian manifold. The dimension of the kernel of the Laplace-Beltrami operator acting on p-forms is a topological invariant called the p-th Betti number of M .
On a Riemannian spin manifold (M, g, s) with metric g and spin structure s we consider the classical Dirac operator D, which is a first order PDO acting on the differentiable sections of the spinor bundle ΣM (termed as spinors) and ask whether the dimension h(M, g, s) of its kernel ker(D), the space of harmonic spinors, is a topological invariant. The answer to this question is in general negative. Hitchin [Hi74] computed the Dirac spectrum for a one parameter family of metrics on S 3 called the Berger metrics: for a generic value of the parameter there are no harmonic spinors but for specific values the spectrum contains zero.
The spinor bundle ΣM over a spin manifold M of an arbitrary dimension m ≥ 2 splits into an orthogonal direct sum ΣM = ΣM + ΣM − corresponding to the eigenvalues of the normalized orientation, a spinor bundle isomorphism S commuting with the D in odd dimensions and anticommuting in even dimensions. In the latter case, the Dirac operator allows for the splitting
and h(M, g, s) = h + (M, g, s) + h − (M, g, s), where h ± (M, g, s) := ker(D ± ) are the dimensions of spaces of the positive and, respectively, negative harmonic spinors. If the dimension of the manifold is divisible by 4, the Atiyah-Singer index Theorem says
where A(M ) denotes the A-hat genus of M (cf. [AS68] ). Therefore, the dimension of the space of harmonic spinors h(M, g, s) satisfies
for any Riemannian metric g on M . Thereby, N p := {p, p + 1, p + 2, . . . }. For dimensions m ≡ 1, 2 mod 8 there are similar results (cf. [AS71] ) for generic metrics using Milnor's α-genus (cf. [Mi65] ):
These inequalities provide a topological lower bound for a metric invariant, the dimension of the space of the harmonic spinors. In more recent years (cf. [BD02] , [Ma97] , [An96] ), there have been extensive studies on D-minimal Riemannian metrics for which the the dimension of the space of harmonic spinors is defined to be no larger than it must be by the index Theorem. The current picture is Bär and Dahl showed (cf. [BD02] ) using surgery and spin bordism arguments that any generic Riemannian metric on a closed simply-connected spin manifold of dimension ≥ 5 is D-minimal. Later this result was extended by Amman, Dahl and Humbert (cf. [ADH09] ) to arbitrary Riemannian metrics. Therefore,
In other words, in dimension m ∈ 8N 1 + {1, 2}, for spin manfolds with trivial first fundamental group Π 1 (M ), there are no topological obstructions to the existence of non trivial harmonic spinors.
Are there Riemannian metrics with non-trivial harmonic spinors on all closed spin manifolds? This is false in dimension 2, because for any eigenvalue λ of the Dirac operator Bär proved in [Bär91] and in [Bär92] that
If M is a closed surface, we have the following situation (cf. [BS92] ):
Genus Harmonic Spinors' Space Dimension g = 0 h(M, g, s) = 0 for any metric and spin structure g = 1, 2 h(M, g, s) is independent of the metric but not of the spin structure g ≥ 3 h(M, g, s) depends on the metric For every k ∈ N 1 and any spin structure s there exits a metric g such that h(S m , g, s) > k Therefore the following conjecture lies at hand.
Conjecture. Let (M, s) be a closed spin manifold of dimension m ≥ 3 with fixed spin structure s. Then, there exists a Riemannian metric g on M such that h(M, g, s) > 0.
Using the Atiyah-Singer index Theorem for families and the theory of exotic spheres Hitchin [Hi74] has shown that the conjecture is true for m ≡ 0, 1, 7 mod 8. Utilizing a gluing Theorem, Bär [Bär96] has proven it for m ≡ 3 mod 4. Both these results follow as a corollary from Dahl's Theorem on invertible Dirac operators (cf. [Da08] ). Dahl proves in [Da05] that every compact spin manifold of dimension ≥ 3 can be given a Riemannian metric for which a finite part of the spectrum of the Dirac operator consists of arbitrarily prescribed non-zero eigenvalues with multiplicity 1.
The main contribution of this paper is the proof of the following result.
Theorem 1.1. Let M be a closed spin manifold of dimension m ≥ 4. Let a spin structure s be fixed. Then, there exists a Riemannian metric on M such that the corresponding Dirac operator has non-trivial kernel, i.e. there are non-trivial harmonic spinors and h(M, g, s) > 0.
This paper is structured as follows. Section 2 recalls the basics of the standard theory in order to make the exposition self-contained. Section 3 collects and develops several results on the spectrum of the Dirac operator and the Dirac Laplacian, which are connected in Section 4 to prove the theorem. Section 5 concludes.
Dirac Bundles
The purpose of this chapter is to recall some basic definitions concerning the theory of Dirac operators, establishing the necessary selfcontained notation and introducing the standard examples. The general references are [LM89] , [BW93] , [BGV96] and [Bär91] .
Dirac Bundle
Definition 1. The quadruple (V, ·, · , ∇, γ), where (i) V is a complex (real) vector bundle over the Riemannian manifold (M, g) with Hermitian (Riemannian) structure ·, · ,
is a real algebra bundle homomorphism from the Clifford bundle over M to the real bundle of complex (real) endomorphisms of V , i.e. V is a bundle of Clifford modules, is said to be a Dirac bundle, if the following conditions are satisfied:
e. the Clifford multiplication by tangent vectors is fiberwise skew-adjoint with respect to the Hermitian (Riemannian) structure ·, · .
(v) ∇ ·, · = 0 i.e. the connection is Leibnizian (Riemannian). In other words it satisfies the product rule:
(vi) ∇γ = 0 i.e. the connection is a module derivation. In other words it satisfies the product rule:
Among the different geometric structures on Riemanniann Manifolds satisfying the definition of a Dirac bundle (cf. [Gi95] ) the canonical example is the spinor bundle. (ii) s is a spin structure for M , i.e. for m ≥ 3 s is a Spin(m) principal fibre bundle over M , admitting a double covering map π : s → SO(M ) such that the following diagram commutes: The vector bundle over M associated to s with respect to the spin representation
is called spinor bundle over M , see [Bär91] page 18.
Example 2.1. (Spinor bundle as a Dirac bundle.) Let (M, g, s) be a spin manifold of dimension m. We can make the spinor bundle into a Dirac bundle by the following choices:
• V := ΣM : spinor bundle, rank(V ) = l.
• ·, · : Riemannian structure induced by the standard Hermitian product in C l , which is Spin(m)-invariant, and by the representation ρ.
• ∇ = ∇ Σ : spin connection = lift of the Levi-Civita connection to the spinor bundle.
• By mean of the Clifford · product, we define
We identified T M with SO(M ) × . Its inverse is denoted by ♯. The exterior algebra can be seen as a Dirac bundle after the following choices:
exterior algebra over M .
• ·, · : Riemannian structure induced by g.
• ∇: (lift of the) Levi Civita connection.
• By means of interior and exterior multiplication, int(v)ϕ := ϕ(v, ·) and
Recall that, since γ 2 (v) = −g(v, v)1, by the universal property, the map γ extends uniquely to a real algebra bundle endomorphism γ :
Example 2.3. (Antiholomorphic Bundle as a Dirac Bundle). Let (M, g, Ω, J) be a Kähler manifold of even dimension m with Riemannian metric g, closed Kähler 2-form Ω and almost complex structure J ∈ Hom(T M ) satisfying J 2 = −1. Let W be an holomorphic hermitian bundle over M with hermitian structure ·, · W and canonical connection ∇ W . The antiholomorphic bundle can be seen as a Dirac bundle after the following choices:
• ·, · := g
•
• By means of interior and exterior multiplication, we can define
Since γ 2 (v) = −g(v, v)1, by the universal property, the map γ extends uniquely to a real algebra bundle endomorphism γ : Cl(M, g) −→ Hom(V ).
Remark 2.1. Let (M, g, s) be a spin manifold. The spin connection ∇ Σ is locally given by a spinor endomorphism valued 1-form. More exactly, let U ⊂ M be any contractible open subset of M , {e 1 , . . . , e m } a local orthonormal frame for T M | U with corresponding Christoffel symbols Γ k ij , ( i.e. ∇ ei e j = Γ k ij e k ), and {s 1 , . . . , s l } a local frame for ΣM | U . We write
where
Being ∇ Σ the lift of the Levi-Civita connection, we find
One can ask, how general the definition of Dirac bundle is, in particular allowing for formula (18). The answer is as follows: it is always possible to make a bundle of Clifford modules into a Dirac bundle, such that the connection is an extension of the Levi-Civita connection. However, this extension procedure is only locally but not globally unique. In fact the following statement is implicitely contained in [BW93] Chapter 2.
Theorem 2.1. Let (V, γ) be a bundle of Clifford modules over the Riemannian manifold (M, g) like in (iii) of Definition 1. Then there exist:
• a Hermitian (Riemannian) structure ·, · on V , making the Clifford multiplication γ by tangent vectors v ∈ T M fibrewise skewadjoint like in (iv)
• a connection ∇ on V , which is Leibnizian (Riemannian), a module derivation like in (v)-(vi) and an extension of the Levi-Civita connection as in formula (18),
Remark 2.2. By formula (7) the connection ∇ is locally well and uniquely defined over contractible open subsets of M . One obtains then a global well defined ∇ by patching together the local connections, using a partition of unity: a convex linear combination of compatible connections is compatible. However, in general different choices of a cover of contractible open subsets of M and of a subordinate partition of unity give rise to different compatible connections.
The restriction of a Dirac bundle to a one codimensiional submanifold is again a Dirac bundle, as following theorem (cf. [Gi93] and [Bär96] ) shows.
Theorem 2.2. Let (V, ·, · , ∇, γ) be a Dirac bundle over the Riemannian manifold (M, g) and let N ⊂ M be a one codimensional submanifold with normal vector filed ν. Then (N, g| N ) inherits a Dirac bundle structure by restriction. We mean by this that the bundle V | N , the connection ∇| C ∞ (N,V |N ) , the real algebra bundle homomorphism γ N := −γ(ν)γ| Cl (N,g|N ) , and the Hermitian (Riemannian) structure ·, · | N satisfy the defining properties (iv)-(vi). The quadruple
Dirac Operator and Dirac Laplacian
Definition 3. Let (V, ·, · , ∇, γ) be a Dirac bundle over the Riemannian manifold (M, g). The Dirac operator Q :
The square of the Dirac operator
Remark 2.3. The Dirac operator Q depends on the Riemannian metric g and on the homomorphism γ. If different metrics or homomorphisms are considered, then the notation Q = Q g γ = Q g = Q γ is utilized to avoid ambiguities.
Proposition 2.3. The Dirac operator is a first order differential operator over M . Its leading symbol is given by the Clifford multiplication:
where ı := √ −1. The Dirac operator has the following local representation:
for a local orthonormal frame {e 1 , . . . , e m } for T M | U and a section ϕ ∈ C ∞ (M, V ). The Dirac Laplacian is a second order partial differential operator over M . Its leading symbol is given by the Riemannian metric: 
Manifolds without Boundary
By Green's formula both Dirac Q and Dirac Laplacian P operators for a Dirac bundle V over a compact Riemannian manifold without boundary are easily seen to be symmetric operators for the C ∞ -sections of Dirac bundle. Taking as domain of definition the closure of the differentiable sections of V in the Sobolev H 1 − and respectively H 2 -topology, leads to two selfadjoint operators in L 2 (V ).
Theorem 3.1. The Dirac Q and the Dirac Laplacian P operators of a Dirac bundle over a compact Riemannian manifold M without boundary have a regular discrete spectral resolution with the same eigenspaces. It exists a sequence (ϕ j , λ j ) j≥0 such that (ϕ j ) j≥0 is an orthonormal basis of L 2 (V ) and for every j ≥ 0 it must hold Qϕ j = λ j ϕ j , P ϕ j = λ 2 j ϕ j and ϕ j ∈ C ∞ (V ). The eigenvalues of the Dirac operator (λ j ) j≥0 form a sequence of reals increasing in absolute value converging to ∞ for j → +∞. The eigenvalues of the Dirac Laplacian are the squares of the eigenvalues of the Dirac operator and hence not negative.
Therefore, in any dimensions, for a Dirac bundle over a manifold without boundary the knowledge of the absolute value of spectrum for the Dirac operator and the Dirac Laplacian are completely equivalent.
Manifolds with Boundary
The case of manifolds with boundary is more complex and the spectra of the Dirac and Dirac Laplacians are no more equivalent as they are in the boundaryless case. Moreover, while for the Dirac Laplacian it is always possible to find local elliptic boundary conditions allowing for a discrete spectral resolution, this is not always true for the Dirac operator (see Chapter 1.11.6 in [Gi95] ). The Dirac Laplacian P for a Dirac bundle V over a compact Riemannian manifold with boundary is easily seen by Green's formula to be a symmetric operator for the C ∞ -sections of Dirac bundle if we impose the Dirichlet boundary condition B D ϕ := ϕ| ∂M = 0 or the Neumann boundary condition B N ϕ = ∇ ν ϕ| ∂M = 0. Taking as domain of definition the closure of the differentiable sections of V satisfying the boundary conditions in the Sobolev H 2 -topology, leads to a selfadjoint operator in L 2 (V ).
Theorem 3.2. The Dirac Laplacian P of a Dirac bundle over a compact Riemannian manifold M with boundary under the Neumann or the Dirichlet condition has a regular discrete spectral resolution (ϕ j , λ j ) j≥0 . This means that (ϕ j ) j≥0 is an orthonormal basis of L 2 (V ) and that for every j ≥ 0 it must hold P ϕ j = λ j ϕ j , ϕ j ∈ C ∞ (V ), and Bϕ j = 0 for either B = B D or B = B N . The eigenvalues (λ j ) j≥0 are a monotone increasing real sequence bounded from below and converging to infinity. The Dirichlet eigenvalues are all strictly positive. The Neumann eigenvalues are all but for a finite number strictly positive.
Spectral Upper Bounds Estimates
The aim of this section is to review the classic method of finding upper bounds on the spectrum of Dirac Laplacian under the Dirichlet boundary condition. The Courant-Hilbert Theorem, provides a useful technique relating the eigenvalues on the whole manifold with the eigenvalues of a manifold decomposition. The Courant-Hilbert (cf. [CH93] ), which was originally formulated for the Laplacian on functions on domains in R m in the early 20's of last century, can be extended to the Dirac Laplacian (actually to any formally selfadjoint operator of Laplace type). This generalization is stated in [Bär91] and explicitely carried out in [Fa98] . The proofs are formally identical to the case of real functions on domains in R m as in [Cha84] using the variational characterization of eigenvalues by means of the Rayleigh quotient. where M 1 , . . . , M r are finitely many 0-codimensional submanifolds with (smooth) boundaries ∂M k and pairwise disjoint interiors. We require for a boundary ∂M k intersecting ∂M that it agrees with the corresponding boundary connected component of ∂M . The operator P BD for the Dirichlet boundary condition is selfadjoint by Theorem 3.2 and has a discrete spectrum. We denote by (λ j ) j≥0 := spec(P BD ) the Dirichlet eigenvalues for the operator P on M , by (µ k j ) j≥0 := spec((P | M k ) BD ) the Dirichlet eigenvalues of the operator P on M k . Choose any s ≤ r and define (µ j ) j≥0 := s k=1 (µ k j ) j≥0 . All the sequences are ordered non decreasingly and all the eigenvalues are repeated according to their multiplicities. Then, the following inequality between eigenvalues holds:
for all j ≥ 0.
An analogous result for spectral lower bounds holds true for the Neumann boundary condition (cf. [Bär91] and [Fa98] ), but we will not need it in the following.
Warped Products
We want to compute the eigenvalues of the Dirac Laplacian under the Dirichlet boundary condition for a warped product. We consider a cylindrical manifold Z := [0, t] × N , where (N, dσ 2 ) is a m − 1 dimensional Riemannian manifold, and t > 0 is a given parameter. A Riemannian metric for Z is defined by g := du 2 + ρ 2 (u)dσ 2 , for a given smooth function ρ. We assume that Z carries a Dirac bundle structure, which by Theorem 2.2, induces on each 1-codimensional submanifold N u := {u} × N with the metric ρ(u)dσ 2 a Dirac bundle structure. 
for any smooth section σ of the Dirac bundle.
Proof. According to Bär [Bär96] the Dirac operator on the warped product writes as
So, for the Dirac Laplacian we have
which is the assertion of the lemma. Thereby we used that
and that
The proof is completed.
Proposition 3.5. The parallel transport Π Z in the Dirac bundle along the u lines of the warped product Z satisfies the following equation:
where u 0 , u ∈ [0, t].
Proof. Let ∂ 1 := ∂ u , ∂ 2 , . . . , ∂ m be an orthogonal frame for T U , where U is an open set in Z. Equation (30) follows from the formulae
which can be verified by a computation.
is an eigenvector for the eigenvalue −µ j , if we assume that σ j is an eigenvector for the eigenvalue µ j . Hence, we may assume σ j+1 = γ(∂ u )σ j and µ j+1 = −µ j .
Parallel transport along the u-lines generates sections σ j = σ j (u, ·). By Proposition 3.5, when restricted to N u for u fixed, (σ j (u, ·)) j≥0 is a L 2 -o.n.
eigenbasis of Q Nu with eigenvalues µ j (u) = ρ(u0) ρ(u) µ j (u 0 ). Since γ(∂ u ) is parallel along the u-lines, the equality σ j+1 (u, ·) = γ(∂ u )σ j (u, ·) holds for all u.
Let now σ be a smooth section over Z. Restriction to N u for a u fixed yields a smooth section over N u which can be expressed in the basis (σ j (u, ·)) j≥0 as
By virtue of this representation we can rephrase eigenvalue equation and boundary condition for the warped product Z.
Proposition 3.6. The eigenvalue equation for the Dirac Laplacian P Z σ = λσ and the Dirichlet boundary condition σ| ∂Z = 0 are equivalent to the equation system
If there is an harmonic section on N , the Dirichlet eigenvalues on Z comprise
Proof. We insert the decomposition (33) into the equation (P Z − λ)σ = 0 where we represent P Z using Lemma 3.4. Since ∇ Z ∂u σ(u, ·) = 0, being σ j parallel along the u-lines, we obtain
This equation is satisfied if and only if all coefficients vanish and the equation system (34) follows. To solve it we introduce the substitution
under which system (34) becomes
If there is a non trivial harmonic section of the Dirac bundle over N , then µ 0 (0) = 0. System (38) becomes for j = 0
which can be easily seen to have non trivial solution if
First Variation of the Eigenvalues
Bourguignon and Gauduchon ( [BG92] ) have computed the first derivative of the eigenvalues of the classic Dirac operator when the Riemannian metric is varied. Their result can be slightly generalized to
where for ψ t ∈ C ∞ (M, V t ) we have introduced the 2-tensor field
and K g denotes the homomorphismus in Hom(T M ) defined by the equation
Proof. The arguments in Bourguignon and Gauduchon ( [BG92] , pages 593-595) extend directly to a general Dirac operator to prove the result.
Corollary 3.8. Let M be a compact manifold supporting a Dirac bundle. Assume the existence of a sequence of Riemannian metrics {g j } j≥0 on M exists, satisfying
• Vol(M, g j ) = 1 for all j ≥ 0.
• {g j } j≥0 is contained in a compact set A of symmetric bilinearforms over M with respect to the uniform C 1 -topology.
Then, there is a Riemannian metric g on M such that
Remark 3.1. This Riemannian metric g is in general not the limit of the sequence {g j } j≥0 in the uniform C 1 -topology.
Proof. Let us consider the set up of Theorem 3.7 and evaluate the first derivative of the 0th eigenvalue for the choice
for the symmetric tensor field on M , where |·| 2 := ·, · and v 1 , v 2 := Tr (v 1 v * 2 ) denote norm and scalar product for quadratic matrices and
The constant C > 0 will be fixed later on. We obtain for the first order Taylor approximation of the first eigenvalue
where θ = θ(t) ∈]0, 1[ and
It appears that
where the function F :
is continuous in (g, t) and real holomorphic in t (cf. Thm VII 3.9 in [Ka80] , [BG92] and Appendix A in [He12] ). Since F (g, 0) ≡ 1 for all g, the function F has a uniformly continuous extension on the compact A × [0, 1] and, therefore, it exists a T > 0 independent of g such that
Note that T may very well depend on A.
By Taylor's formula 46
where the right hand side of the inequality vanishes if
for all t ≤ T . This means that λ 0 (g t ) = 0 as soon as t = t 0 (g). By the hypothesis of the corollary we can choose a Riemannian metric g with arbitrarily small eigenvalue λ 0 Q g γ . So, we can choose g such that t 0 (g) ≤ T . Thus, if we can prove that g t0 := g + t 0 (g)k(g) is a Riemannian metric, then
and the corollary is proved. That for, it suffices to choose the constant C as
As a matter of fact
is a Riemannian metric, being g always a Riemannian metric and its perturbation t 0 (g)k(g) arbitrary small with respect to the L ∞ (M )-norm. The proof is now completed.
In Section 4, during the proof of the main Theorem 1.1 we will need the following additional result.
Corollary 3.9. Let g t := tg for t > 0 be a variation of the Riemannian structure g on the compact manifold M carrying a Dirac bundle (V, ·, · , ∇, γ) embedded for t = 1 into an analytic one-parameter family of Dirac bundles (V t , ·, · t , ∇ t , γ t ) a. Then, the eigenvalues of the Dirac operators can be scaled as
which can be solved as λ
Since λ t j corresponds to the metric (1−t)g and λ 0 j to the metric g, the statement of the corollary follows and The proof is completed.
Berger Metrics
For any m ≥ 2 the sphere S m has a unique spin structure: there are as many spin structures as homology classes in H 1 (S m , Z 2 ) (see [LM89] page 89 Theorem 2.1) and H k (S m , Z 2 ) = 0 for k = 0, m (see the example on page 46 in [DFN90] ). The circle S 1 has two spin structures and only one admits harmonic spinors (cf. [Bär91] ). For k ∈ N 1 the Hopf fibration S 2k+1 → CP k is a Riemannian submersion if we equip S 2k+1 with its standard metric of constant curvature 1 and CP k with the Fubini-Study metric. The fibers are circles S 1 . If we rescale the length of the fibers by some T > 0 and keep the metric on the orthogonal complement to the fibers fixed, we obtain a one parameter family of metrics
Proposition 3.10. The classic Dirac operator on (S 2k+1 , g T ) for k odd has 0 as eigenvalue for T = 2(k + 1).
Proof of the Main Theorem
We split the proof into three steps. First we show under which particular conditions a subsequence of sequence of Riemannian metrics on a compact manifold converges to a symmetric tensor field in the uniform C 1 topology. Next we prove a general lemma about the existence of harmonic sections proved by connecting several results presented in the preceding chapter. Then we specialize to spin manifolds and prove the main theorem by a cross dimensional argument. Finally, we explain why the application of the technique presented does not lead to results in the case of differential forms.
, where S denotes the bundle of covariant symmetric 2 tensors over M , be a sequence of Riemannian metrics. If (g j ) j≥0 is bounded for all Sobolev H k norms, it exists a g ∈ C ∞ (M, S), not necessarily a Riemannian metric, such that |g − g js | C 1 → 0 when s → +∞ for a subsequence (j s ) s≥0 .
Proof. For k ∈ N 0 let us introduce the Sobolev space H k (M, S) of covariant symmetric 2 tensors over M . It is an Hilbert space with scalar product Since the C k norm is bounded for all g j and M is compact so is the H k norm. Being H k (M, S) an Hilbert space, any bounded closed ball is weak- * compact. Thus, there must be a g ∈ H k (M, S) such that for all h ∈ H k (M, S)
Since g ∈ H k (M, S) for all k ∈ N 0 , it must be smooth: g ∈ C ∞ (M, S). Since the convergence (63) holds for all h, then (g jr ) r≥0 and their derivatives converge pointwise to g and its derivatives on M . Now let |α| ≤ 1 be a multiindex. Since M is compact and all the functions involved are continuous, for every r ≥ 0 there exists a x α r such that sup
Being M compact, there exists for every α a convergent subsequence of (x α r ) r≥0 . More exactly, there is x α ∈ M and a subsequence (r s ) s≥0 , which possibly depends on α, such that
where the metric function on M is given by
where the infimum is taken over all smooth curves γ on M relying x with y. Now, we have
and finally
The first summand of the right hand side of the inequality (68) converges to zero because of the continuity of the derivatives of g. The second summand converges to zero as well, because of the pointwise convergence of (g jr s ) s≥0 on M . The third summand converges to zero, too, since, by Sobolev's embedding Theorem, the C 1 norms of g jr s are bounded, d(x α , x α rs ) converges to zero and the mean value Theorem. Therefore, we conclude that
and The proof is completed.
Lemma 4.2. Let M be a closed connected Riemannian manifold supporting a Dirac bundle and let N be a 0-codimensional submanifold with boundary ∂N , supporting the Dirac bundle structure inherited by M . If there exists a metric on ∂N , such that the Dirac operator on ∂N admits non trivial harmonic sections, then the same holds true for M , that is, there is a Riemannian metric on M for which the Dirac operator has 0 as eigenvalue.
• m = 3: as we have just seen the classic Dirac operator on S 2 has no vanishing eigenvalues and, again, Lemma 4.2 cannot be applied.
• m ≥ 4: recalling that there is a unique spin stricture on S m−1 , we have to distinguish several subcases:
-m = 4k + 4, for k ∈ N 0 . By Proposition 3.10, the Berger metric on S m−1 admits a non trivial harmonic spinor, so that Lemma 4.2 applies and the statement of Theorem 1.1 holds.
-m = 4k + 5, for k ∈ N 0 . We can now apply Theorem 1.1 to S 4k+4 , as we have just seen, to conclude that there is a metric on S 4k+4 admitting non trivial harmonic spinors. We continue with Lemma 4.2 and the statement of the Theorem is proved.
-m = 4k + 6, for k ∈ N 0 . We apply Theorem 1.1 to S 4k+5 and the rest follows analogously.
-m = 4k + 7, for k ∈ N 0 . We apply Theorem 1.1 to S 4k+6 and the rest follows analogously.
Remark 4.1. Why does not it work for the Laplace-Beltrami operator or for the complex Laplacian as well? Of course Lemma 4.2 holds for general Dirac bundles and since the constant functions on S m−1 are harmonic differential forms of degree 0, we can trivially conclude that there are always non trivial harmonic forms on any Riemannian manifolds, namely the constant functions. The question now is if it is possible to say something for differential forms of fixed degree k > 0. Unfortunately, both Euler and Clifford operators do not preserve the graduation of the differential form bundles and there is no version of Theorem 3.7 for the Laplace-Beltrami operator or for the complex Laplacian acting on forms of fixed degree. So, the constructions in the proof of Lemma 4.2 cannot be mimicked for pure forms. If this were the case, we could conclude for instance that the De Rham cohomology H k (S m , R) does not vanish for k = 0, m, which is of course a contradiction.
Conclusion
We have studied the spectrum of a general Dirac Operator under variation of the Riemannian metric and extended a result of Bourguignon and Gauduchon on the first derivative of the eigenvalues from the special case of the spinor bundle to the general Dirac bundle case. In conjunction with the extension of the Courant-Hilbert Theorem for upper bounds of the Dirac Laplacian, we proved a result on the existence of Riemannian metrics allowing for harmonic Dirac bundle sections. In particular, we could show that any closed spin manifold of dimension m ≥ 4 can be always be provided with a Riemannian metric admitting harmonic spinors. Since in dimension m = 1, 2, there are counterexamples, the conjecture remains open for m = 3.
